Abstract. On page 45 of his lost notebook, Ramanujan recorded two asymptotic formulas for two continued fractions involving the Riemann zeta function and Dirichlet L-functions. In this paper, we prove a more general theorem and derive Ramanujan's claims as a corollary of our theorem
Introduction
Several elegant q-continued fractions have representations as q-products. The most famous one, of course, is the Rogers-Ramanujan continued fraction defined for |q| < 1, by Here we use the notation for continued fractions,
R(q)
Also we employ the customary notation
In the sequel, we also use the notation (a 1 , a 2 , . . . , a n ; q) ∞ := (a 1 ; q) ∞ (a 2 ; q) ∞ · · · (a n ; q) ∞ . On page 45 of his lost notebook [21] , Ramanujan recorded two asymptotic formulas for two continued fractions involving the Riemann zeta function and Dirichlet L-functions. These continued fractions are equivalent to (1.2) and (1.3) after a change of variable. They are among the most interesting continued fractions discovered by Ramanujan. The continued fraction (1.3) also converges for |q| > 1, and it converges to (q
which provides a beautiful example of symmetry. The continued fraction (1.2) is the most difficult to prove of all of Ramanujan's continued fractions and does not seem to fit in the same hierarchy as the other q-continued fractions found by Ramanujan.
Other unusual properties of this continued fraction can also be found on page 45 of [21] . For a further discussion of these continued fractions, see [9, pp. 46-49] . We state one of the two results on page 45.
, Re s > 1, denote the Riemann zeta-function, and let
denote the Dirichlet L-function associated with the character χ(n) = n 3 , the Legendre symbol. For each integer n 2, let
In particular,
, a 6 = 1 38880 .
In Section 2, we prove a more general theorem for odd characters χ, and in Section 3 we derive Ramanujan's claims as corollaries of our theorem. In Section 4, we prove a general theorem for even characters χ, and give asymptotic formulas for the Rogers-Ramanujan continued fraction and the Göllnitz-Gordon continued fraction stated in (1.4) as q → 1 − . L. Richmond and G. Szekeres [22] gave asymptotic formulas for the Rogers-Ramanujan and the Göllnitz-Gordon continued fractions as q → 0 + .
The Main Theorem
We need a form of Stirling's formula; see [4, p. 539] 
where
Then, for x > 0,
Thus, inverting the order of summation and integration by absolute convergence, we find that, for x > 0,
Consider now 6) where M = 2N + 
where γ denotes Euler's constant, we find that
Hence, the residue at s = 0 is
The residue at s = −2n, n 1, is
Next, we estimate the integrals along the horizontal sides. First, from [25, p. 81 
as T → ∞. Also from [6, pp. 270-273] and the Phragmén-Lindelöf theorem, for
Hence from Lemma 2.1, (2.9), and (2.10), we have
as T → ∞. Thus, having let T → ∞, there remains to examine
Now by using the elementary identity sin
and Lemma 2.1, we deduce that
Thus by (2.9), (2.10), and the calculation above,
as x → 0 + . Hence, as x → 0+, by (2.6), the residue theorem, (2.5), (2.7), (2.8), (2.11), and (2.13),
Since χ is an odd character, the functional equation
Now from (2.12), we have 
Thus, using (2.17) and (2.18) in (2.14), we find that
Next from the functional equation (2.15), 20) where M 1 (χ) is defined by (2.2). Thus
By the functional equation (2.15) and the chain rule, after simplifying, we find that 
By a theorem of C. Deninger [13, p. 182] ,
Thus, by (2.24) and (2.25),
Hence, from (2.19), (2.21), and (2.26),
which, upon exponentiation, completes the proof of (2.1). To prove (2.4), let
where c = 2π/ √ k. We want to minimize g(t). By the chain rule
So g(t) has a minimum value at the point t that satisfies
where ψ(t) = Γ (t)/Γ(t). 
kx , which completes the proof of Theorem 2.2.
Two asymptotic formulas found on page 45 of Ramanujan's lost notebook
In this section, we use Theorem 2.2 to prove the two asymptotic formulas found on page 45 of Ramanujan's lost notebook [21] . First we prove a lemma which allows us to explicitly calculate L(s, χ), where s = 1, 3, 5, 7, and χ is odd. 
where G(χ) is the Gaussian sum defined by
and
Proof. From [7, p. 33, Eq. (6.12)], for χ is odd,
Using (3.3) we may calculate L(2n − 1, χ) for any positive integer n. Letting m = 1 in (3.3) , we obtain
If m = 3, we find from (3.3) and (3.4) that
Thus, using (3.4) and (3.5) in (3.6), we deduce that
Similarly, the result L(7, χ) = 4π
follows by taking m = 7 in (3.3). This completes the proof of Lemma 3.1.
where χ(n) = n 3 . In particular,
, and a 6 = 1 38880
.
Proof. The continued fraction on the left hand side of (3.7) is equivalent to (3x)
; e −3x
) ∞ (e −x ; e −3x ) ∞ , by (1.2), which can be found in Ramanujan's second notebook [20] and which was first proved by Andrews, Berndt, Jacobsen, and Lamphere [5] , [9, p. 46 ]. This expression is the case k = 3 in Theorem 2.2, since M 1 (χ) = −1. This completes the proof of (3.7) and (3.9).
To prove (3.8), we need the well-known values [18, pp. 776-777],
90
, and ζ(6) = π 6 945 , (3.10) and the following values from Lemma 3.1 with k = 3,
, and M 7 (χ) = −127. Therefore, the values in (3.8) now easily follow from (2.3).
where χ is the nonprincipal, primitive character modulo 4. Furthermore,
, and a 6 = 61 362880 , (3.12) and, as x → 0+,
Proof. By using equivalence relations and (1.3), we can write the continued fraction on the left hand side of (3.11) in the form
; e −4x
Equality (1.3) is in Ramanujan's second notebook [20] , [9, p. 48] . It is also simply the case a = 1, b = 0 of Entry 12 in Chapter 16 of Ramanujan's second notebook [20] , [8, p. 24] . Among others, K. G. Ramanathan [19] has given a proof of (1.3). Another continued fraction for the product on the left side of (1.3) is found in the "lost notebook" and has been proved by Andrews [3] as well as by Ramanathan [19] . This expression (3.14) is the case k = 4 in Theorem 2.2, since M 1 (χ) = −2. This completes the proof of (3.11) and (3.13).
¿From Lemma 3.1 with k = 4, we find that
, and L(7, χ) = 61π
, and M 7 (χ) = −2186. Hence, using (3.10) and the values above in (2.3), we readily compute the values in (3.12).
Ramanujan did not record the value of a 6 .
We record two further corollaries, but we do not know any continued fractions represented by the products. ; e −6x
where χ is the nonprincipal, primitive character modulo 6. Furthermore, as x → 0+,
Proof. This is the case k = 6 in Theorem 2.2, since M 1 (χ) = −4. , where
where χ is the nonprincipal, primitive, real character modulo 7. Furthermore, as x → 0+,
Proof. This is the case k = 7 in Theorem 2.2, since M 1 (χ) = −7.
The case when χ is even
In Theorem 2.2, we considered the case when χ is odd. In this section, we consider the case when χ is even. ¿From [12, 
where ζ k = exp (2πi/k). Hence, by (4.2) and (4.3),
Since χ is an even character, the functional equation
By (4.5) and (2.16),
where G(χ) and M 2 (χ) are defined by (3.1) and (3.2), respectively. Also G(χ) = √ k, since χ is even. Hence, from (4.6) and (4.7),
¿From [25, p. 19] ,
Therefore, by (4.1), (4.4), (4.9), and (4.8), we obtain the following theorem. 
, where ζ k = exp(2πi/k) and M 2 (χ) is defined by (3.2) .
By using Theorem 4.1, we may obtain asymptotic formulas for the RogersRamanujan and Göllnitz-Gordon continued fractions defined by (1.1) and (1.4), respectively.
The product representation for R(q) given in (1.1) was originally discovered by L. J. Rogers [23] [14] and B. Gordon [15] rediscovered and proved (1.4) independently. Shortly thereafter Andrews [2] proved (1.4) as a corollary of a more general result. since M 2 (χ) = 16. The result follows from (1.4) and (4.11).
